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M.Sc. Mathematics - 4th Sem'

l25t7l
Paper: MATH-581: Functional Analysis-Il

Exam. Code: zlt004
Subject Code : 4953

Max. Marks: 1OO

Unit. Each question carrles

Unit-I
1. Give an example of an infinite dimensional Banach space in which weak

cotrvergeuce of a sequclce implled strong convergence' Justlfy your clalm'

show that any closed subspace Y of a normed space x contains the llmits of all

weakly convergent sequences of lts elements'

3. Let <xn) be a sequence ln a normed sPace X' then:

a| strong convergence lmpties weak convergence with the same

limit.
bl The Converse of (a) is not generally true'

c) If Lim x(oor then weak convergence implies strong corrvergence'

4. prove that every bounded sequence in a Hilbert space contains a subsequence

which converges weaklY'

Unit-il
5.LetT:H_lHbeabounded,linearoperatoronaHilbertspaceH.Then:

allfTisself-a{iointrcTrr,x>isrealforallxeH'
b) If H is complex and <Tn, x> is real for all xeH, the operator T is

self adjoint.

Let the operator u: H+H be unltary. H is a Hltbert space' Then:

a) U is isometric i.e. lluxl l=llxl I for allneH'

bl I lu I I =1 Provided H+{o}

c) U-r is unitarY and U ls normal'

Prove that if P is the projection oa a closed linear subspaces M of H'

reduces an oPerator T <=) TP=P['

then M

PTO

7.
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8. Give an example of an operator, with Justiflcation, which is

a) self adJolnt as well as unitarY'

bl normal but not unitarY.

Unit-III
g. If T is an arbitrary operator on H, then the etgen values of T constltute a non

empty flalte subset of the complex plane. Furthermore, the number of poiots ln

this set does not exceed the dimension of the space H.

10. State and prove spectral mapplng theorem'

11. prove that the resolvent set P(Tf of a bounded linear operator T on a complex

Banash space x is open, hence the spectnrm o(T) is closed.

12. Prove that if X* g is a complex Banach space and TeB(X'Xl then olTl* 9'

Unit-IV
13. Let X and y be normed spaced and T:x+Y a linear operator. Then T ls qompact

if and only if it maps every bounded sequencG (xol is x onto a sequeace (Tn") in

Y which has a cotrvergent subsequence'

L4. The range R(T) of a compact linear operator T: X+Y is separable, where X and Y

are norned sPaces.

15. Let T:X+X be a coEpact linear operator on a normed spacG X. Then for every

: 1+ O,the range of Tr =T-.il is closed.

16. T:X-+ tjt ""-pact 
linear operator and S: X-+X, a bounded llnear operator or a

normed space X. Then TS and ST are compact.

Unit-V
L7, If A is a divlslou algebra, then it equals the set of all scalar multlples of the

identity.
18. If the norlo in A satisfles the lnequality

constant K, then A=O.

for some posltive

19. Show that no topological divisor of zero is invertible.

ZO. Show that the multiplicatlon ln a Banach algebra X is Jointly continuous. Also

prove that in a Banach algebra x, I lx"l lsl lxl In for all xex.
*ffi
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18. Let X be an infinite discrete space. Show that the

filterbase {A c X I X - A is finite} has no cluster

points. Also prove that each filterbase on a sphce

Y has at most one limit point if and only if y is

Hausdorff.

Prove that a space is compact if and only if each filter
on X has a cluster point in X.

Prove that for a filter F on a space X there exists a

net P in X such that the filter F is convergent to a
point if only if the net P is convergent to the

point.

t9.

20.
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Note :- Attempttwo questions from eachunit. All questions

carry 10 marks each.

UNIT-I
1. Prove that a space is completely normal if and only

if it is hereditarily normal.

Prove that every metric space is Tr. Is every subspace

of a To space completely regular ? Justifu. Give an

example of a normal space which is not comple.tely

normal.

Prove that the collection {ft (0,11 | f : X -) I = [0, l],
f is continuous) is a base for the topology on X if and

only if X is completely regular.

4. Prove that every compact Hausdorff space is normal.
Give an example of a normal space which is not
Hausdorff.

2.

J.

Digitized by KMV College Library, Jalandhar



is

a

5.

6.

7.

8. Let f : X + Ywhere X is HausdorffandY is compact'

Prove that f is continuous if and only if the graph

G(f) : {(x, (x) I x e X} is a closed subset of X x Y'

UNIT-III
g. Let X be Hausdorff. Prove that any countable open

cover of X has a finite subcover if and only if every

sequence in X has a cluster Point'

10. Prove that every locally compact Hausdorff space is

Tichonov.

11. Prove that every point of a Hausdorff space X has

neighborhood with compact closure if and only if
whenever K c U where K is compact and U is open'

thenthereexistsanopenVwithcompactclosure
such that K c V c cl(V) c U, where cl(V) denotes

the closure of V.

|2.Provethattheonepointcompactficationofthespace
X is Hausdorff if and only if X is locally compact and

Hausdorff.

UNIT-IV

13. Prove that a space

homeomorPhic to

Hausdorff space.

Tichonov if and onlY if it is
subspace of some comPact

14. What is the Stone Cech compactfication (BG), p) for

a Tichonov space X ? Prove that for any continuous

function f : X + Y, where X is Tichonov and Y

is compact, there exists a continuous function

F : FG) -> Y such that F D P : f'

15.Provethatp(X)isthelargestconnpactificationofa
Tichonov space X in the sense that any other

compactification of X is a quotient space of Bfi)'

16. Prove that a completely regular space is connected if
and only if its Stone Cech compactification is connected.

UNIT-V

17. Let B be a filterbase consisting of single'subset A of

X. Justiff the following statements :

(a) If A is singleton set {x} then B converges to x'

(b) If A consists of more than one point then B

clusters at each point of closure of A'

Give an example of a filterbase with cluster points

but no limit.

UNIT-II
Prove that any subset of the real line is compact if
and only if it is closed and bounded'

Let X be an infinite set with cofinite topology' Is it

compact ? Is it normal ? Justify your answers' Prove

that every space is subspace of some normal space'

Let p : Z* -+ X be a sequence converging to xo' Prove

that the set {xo} u {p(2.)} is compact' Also prove

that any infinitl subset of A not containing the point

xo is not comPact.
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UNIT-V
If x,, y1 is the fundamental solution ofx2 - dyl : l, then
prove that any positive solution of the equation is given
by xo, yn, where xr, yn are the integers determined from
'*n * y, Ja = (x, + y,6 )' , n = 1,2,3... lo
Prove that the value of any infinite continued fraction
is an irrational number. Determine the unique irrational
number represented by infinite continued fraction
13;6, 1,4, l, a ....,...].

(a) If C* = $ i. the k6 convergent of simple continued
9r

fraction [ao; a,, E ..., an], then for
I <kSn,Prgr.-r -grpr-r:(-l)k. s

(b) Solve 172 x.+ 20 y: 1000 by means of simple
continued fraction s

Prove that the convergents with even subscripts of a simple
continued fraction forms a strictly increasing sequence
whereas the convergents with odd subscripts forms stictly
decreasing sequence. Moreover show that the convergents
with an even subscript is less than that with an odd srbscripL

l0

Exam. Code :

Subject Code :

M.Sc. (Mathematics) Semester-IV
MATH-586 : NUMBER THEORY

Tme Allowe&-3 Hoursl [Maximum Marks--I00

Note :-The candidates are. required to affempt TWO
questions from each Unit Each questioncarries equal
marks.

I.iNIT-I
1. (a) Solve the simultaneous congruence x = I (mod 3),

x=2 (mod 5), x:3 (mod 7). 5

(b) Finittluee consecutive integers, each having a squarc
factor. 5

2" Let r be a primitive root of the odd prime p. prove that :

D-l
(t) r2:-l(modp)
(ii) If s is any other primitive root of p, then r s is not

a primitive roof of p.

l0

24.

3" State and prove Wilson's theorem. l0
4. Prove that if p is an odd prime then for k > l, there

exists a primitive root for pk. Further prove that there do
exist primitive roots for 2pk also.

l0

l0
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